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Abstract—We propose a frequency-modulated continuous-wave (FMCW) laser range with sub-Nyquist sampling rates in
which asymmetric chirped waveforms are used. Different de-chirped signals can be generated since the up-chirp and
the down-chirp sections have different chirp rates. The distances are extracted at a sub-Nyquist sampling rate using a
modified Vernier sampling, in which the sub-Nyquist sampling technique ratio is reconfigurable by changing the ratios
of the chirp rates. A demonstrated experiment is carried out. The lengths of fiber can be measured with a sub-Nyquist
sampling ratio of 1/10. Therefore, the proposed method reduces the sampling rate in the FMCW laser ranging system
using Vernier sampling. Moreover, only a single-shot sampling is required, which reduces the complexity of the Vernier
sampling.

Index Terms—Sensor phenomena, laser ranging sensors, frequency-modulated continuous-wave (FMCW), sub-nyquist sampling, vernier
sampling.

I. INTRODUCTION

Laser ranging has great potential in 3-D imaging [1], [2], [3],
autonomous driving [4], [5], [6], natural disaster monitoring [7], [8],
etc. Compared with pulsed time-of-flight (ToF) laser ranging [9], [10],
frequency-modulated continuous-wave (FMCW) laser ranging has the
advantages of low peak power and anti-interference [11], [12], [13].
Meanwhile, millimeter-level precision can be achieved at a distance
of kilometers in FMCW laser ranging [14]. The FMCW method relies
on chirped waveforms whose frequency linearly changes with time.
The local and received signals beat with each other in a photodetector
to obtain de-chirped signals, whose frequencies are proportional to
the distances of targets. Then, a Fourier transform for the sampled
de-chirped signal is implemented to obtain the frequencies, which
requires a sampling rate much higher than the ToF laser ranging.
According to Nyquist sampling theory, the sampling rate should be
more than twice as high as the de-chirped frequencies to ensure the
reconstruction of the de-chirped signals [15]. The higher sampling
rate indicates more sampling points, which generates massive data and
requires a large storage capacity compared to the ToF laser ranging.

To reduce the sampling rate and data volume, sub-Nyquist sampling
methods are proposed, in which compressed sampling is one of the
widely used methods [16], [17], In compressed sampling, the signal
is first sampled using a specific nonuniform sparse sampling matrix
[17]. The second step is to recover the original signal from the sparse
signal with algorithms. However, the implementation of nonuniform
sampling requires additional devices [18]. Moreover, the complex
recovery algorithms limit the data processing speed, which may reduce
the measurement rate.
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Vernier sampling is also a kind of sub-Nyquist sampling method,
which has been widely used in interferometric fiber sensors, dual-comb
spectroscopy, and dual-comb ranging [19], [20], [21], [22]. Using a
principle similar to that of a Vernier caliper, the signals are usually
sampled at different rates in the Vernier sampling process. The distance
can be recovered with an algorithm much simpler than compressed
sampling. For example, optical Vernier sampling has been used to
solve distance aliasing, in which a dual-comb-swept laser is used to
sample the optical interferometry signals [21]. However, in the Vernier
sampling process, two sampling devices must be applied to solve the
distance aliasing. To further reduce the sampling rates, more parallel
sampling processes must be implemented [22], which largely enhances
the cost of the system. In [21], although a single-shot sampling is
achieved, it is the two parallel sampling processes that are achieved by
two combs with different free spectral ranges (FSRs) so that a larger
absolute distance can be recovered. Moreover, since the sampling rates
of the devices are usually fixed, the sub-Nyquist sampling ratio of the
system is not reconfigurable.

In this letter, we achieve FMCW laser ranging with a sub-Nyquist
sampling rate based on a modified Vernier sampling. An asymmetric
chirped waveform is employed in the FMCW ranging system so that
the up-chirp and down-chirp sections generate different de-chirped
signals due to the different chirped rates. As a result, two aliasing fre-
quencies can be simultaneously obtained using a single-shot sampling
technique with a sub-Nyquist sampling rate. Then, the frequencies
of the two de-chirped signals are recovered based on the Vernier
sampling principle, which is finally used to calculate the distance.
A demonstrated experiment is carried out in which the bandwidth of
the chirped waveform is 6 GHz. The durations of the up-chirp and
down-chirp sections are 1 and 1.2 μs, respectively. The de-chirped
signal is sampled at a rate less than 1/6 of the Nyquist sampling rate.
The sampling rate can be further reconfigured to less than 1/10 of
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Fig. 1. (a) and (b) Frequency aliasing due to sub-Nyquist sampling.
(c) and (d) FMCW laser ranging using asymmetric chirped waveforms.

the Nyquist sampling rate by simply changing the chirp rates. The
length of optical fiber can be measured with an accuracy of less than
6.1 cm.

II. PRINCIPLE AND SYSTEM

In FMCW laser ranging, the distance of a target is calculated from
the frequency of the de-chirped signal as

R = cT f b

B
(1)

where fb is the frequency of the de-chirped signal, c is the speed of
light in vacuum, and T and B are the duration and the bandwidth of the
chirped signal, respectively. The frequency of the de-chirped signal
can be extracted using a disrete Furior transfrmatin (DFT). Fig. 1(a)
and (b) show the sub-Nyquist sampling of a single-tone signal. The
relationship between the actual frequency f and the aliased frequency
fa can be given by

f = n fus ± fa (2)

where fus is the sampling rate, n is an integer, and fa is less than half
of the sampling rate (fus/2). Obviously, the actual frequency cannot
be recovered using only one sampling rate since the value of n is not
determined. To solve the frequency aliasing, Vernier sampling can be
used [20], in which two sub-Nyquist samplings at different rates are
always required. Then, the actual frequency can be recovered based
on a principle similar to the Vernier caliper, from which the distance
of the target can be calculated.

Here, we propose a modified Vernier sampling method for the
FMCW laser range, in which only a single-shot sub-Nyquist sampling
process is required. An asymmetric chirped waveform is used to modu-
late the lightwave. The bandwidths of the up-chirp and the down-chirp
sections are B. The durations of the up-chirp and the down-chirp are
T1 and T2, respectively. τ is the time delay between the transmitted
signal and the received signal. Since the chirp rates of the up-chirp and
the down-chirp sections are different, the de-chirped signals in the two
sections show different frequencies (fup and fdn), which is shown in
Fig. 1(c) and (d).

Then, the de-chirped signal is sampled with a single-shot sub-
Nyquist sampling process. Two aliased frequencies can be obtained,
from which the values fup and fdn can be extracted as{

f i,k
up = i · fus + k · fa1

f j,l
dn = j · fus + l · fa2

(3)

where i and j are integers, k and l are ±1, fa1 and fa2 are the aliased
frequencies after sub-Nyquist sampling.

Fig. 2 shows the principle of the recovery algorithm in the modified
Vernier sampling. According to (3), two sets of frequencies can be

Fig. 2. Distance recovery from two aliased frequencies fa1 and fa2.
In (a) and (b), the horizontal and vertical axes are the recovered and
aliased frequency, respectively. (c) Two sets of candidate distances and
the recovered distance.

Fig. 3. Schematic diagram of the system. LD: Laser diode; AWG:
Arbitrary waveform generator; MZM: Mach-Zehnder modulator; PD:
Photodetector; ADC: Analog-to-digital converter; and DSP: Digital sig-
nal processing.

obtained from fa1 and fa2 in the up-chirp and the down-chirp sections,
respectively. Then, two sets of distances are calculated according to
(1), which are given by{

di,k
up = cT1

B (i · fus + k · fa1)

d j,l
dn = cT2

B ( j · fus + l · fa2 )
(4)

where di,k
up and d j,l

dn are the candidate distances. According to the
principle of Vernier sampling, the first value that is present in both two
sets is the recovered distance [labeled with d in red color in Fig. 3(c)],
which can be expressed with a bijective function

d = ( fa1; i; k, fa2; j; l ) (5)

It should be noted that the two aliased frequencies (fa1 and fa2) are
simultaneously obtained in our proposed method due to the asymmetric
waveforms. Therefore, it is feasible to determine the actual distance
in a single-shot measurement. As a comparison, it always requires
multiple parallel sampling processes in traditional Vernier sampling,
which may change the system or add sampling devices.

However, in the proposed method, there is a minimum sampling
rate, below which the distance recovery fails. In Vernier sampling,
the least common multiple of the two sampling rates should be larger
than the Nyquist sampling rate to ensure the distance recovery [22]. In
our proposed method, the two aliased frequencies are simultaneously
generated due to the two different chirp rates. As a result, the minimum
sampling rate is limited by the ratio between the two chirp rates. The
sub-Nyquist sampling ratio, which is defined as the ratio between the
minimum rate and the Nyquist sampling rate, can be expressed as

fus

fN
= 1

LCM (a, 1)
(6)
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Fig. 4. Spectra of the de-chirped signals with the sampling rate of
(a) 1.25 GHz and (c) 625 MHz. (b) and (d) show the distance recovery
corresponding to (a) and (c). The ratio between the chirp rates is 1.2.

where fN is the Nyquist sampling rate, a is the ratio of the two chirp
rates, and LCM (x, y) is the least common multiple of x and y. It
should be noted that the sub-Nyquist sampling ratio can be reconfig-
ured readily by changing the modulation waveform. For example, if
the durations of the up-chirp and the down-chirp sections are 1 and
1.2 μs, the sub-Nyquist sampling ratio cannot be less than 1/6. If the
duration of the down-chirp sections is changed to 1.1 μs, the minimum
sub-Nyquist sampling ratio may be 1/11.

III. EXPERIMENT AND RESULTS

Fig. 3 shows the schematic diagram of the FMCW laser ranging
system. A continuous-wave laser source (TeraXion PS-NLL) is used.
A chirped RF signal is generated by an arbitrary waveform generator
(AWG) and used to modulate the lightwave in a Mach-Zehnder mod-
ulator (MZM, Fujitsu FTM7938). Then, the modulated lightwave is
divided by an optical coupler. One part is transmitted in the measuring
path. The other part enters the reference path and beats with the measur-
ing light in a photodetector (Finisar XPDV2120RA). An oscilloscope
(OSC, Tektronix DSA72004B) is used to sample the beat signals at
12.5 GSa/s, which are then off-line sampled at different sub-Nyquist
sampling rates. The bandwidth of the asymmetric chirped waveforms
is 6 GHz.

Fig. 4 shows the measurement results of a 150-m fiber spool. The
durations of the up-chirp and the down-chirp sections are 1 and 1.2 μs.
The blue and red lines represent the spectra in the up-chirp and
down-chirp sections, respectively. The spectra of the fully sampled
de-chirped signals are shown in the right section of Fig. 4(a), in which
the de-chirped frequencies are 2.6278 and 3.1532 GHz, respectively.
Then, the de-chirped signals are sampled at 1.25 GSa/s. The aliased
spectra are shown in the left section of Fig. 4(a), in which the frequen-
cies are 0.5968 and 0.1278 GHz, respectively. Moreover, the SNRs of
the beat signals are reduced from around 11 dB to less than 9 dB after
sub-Nyquist sampling.

According to (4), the distance can be recovered to be

{
157.6600 = 5 × 10−8 × (3 × 1.25 − 0.5968) × 109

157.6680 = 6 × 10−8 × (2 × 1.25 + 0.1278) × 109.

Fig. 5. (a) Spectra of the de-chirped signals at the sampling rate of
625 MHz. (b) Distance recovery corresponding to the spectra in (a).
Ratio between the chirp rates is 1.1.

As a result, the recovered distance is 157.6640±0.0040 m. It should
be noted that the recovered distance in the up-chirp and down-chirp
sections is not equal. Therefore, the average of the two distances is
used as the recovered distance. The difference between the recovered
distances is used as the deviation of distance recovery. Meanwhile, the
distance calculated from the full-sampled spectrum meets well with
the recovered distance. The 1.25-GHz sampling rate is around 1/5 of
the Nyquist sampling rate, which meets the requirement in (6). How-
ever, the sampling rate is difficult to be further reduced since it cannot
be less than 1/6 of the Nyquist sampling rate. As shown in Fig. 4(c),
when the sampling rate is 625 MHz, which is approximately 1/10
of the Nyquist sampling rate, an incorrect distance will be recovered
at 29.8360±0.0040 m from the two aliased frequencies 0.1278 and
0.0282 GHz.

However, in the proposed method, the sub-Nyquist sampling ratio
is reconfigurable by simply changing the ratio between the two chirp
rates. Fig. 5 shows the measurement results, in which the duration of
the down-chirp is changed to 1.1 μs. As a result, the sampling rate can
be reduced to less than 1/10 of the Nyquist sampling rate according to
(6). In Fig. 5(a), the spectra obtained at the sampling rate of 625 MHz
are shown in the left section. The two aliased frequencies are 0.0282
and 0.2583 GHz, respectively. The distance can be recovered as{

157.6600 = 5 × 10−8 × (5 × 0.625 + 0.0282) × 109

157.6685 = 5.5 × 10−8 × (5 × 0.625 − 0.2583) × 109

The recovered distance is 157.6643±0.0043 m, which is shown in
the purple box in Fig. 5(b). As a comparison, the sampling rates are
usually fixed so that the unaliased range of the distance cannot be
reconfigured for traditional Vernier sampling.

The above distance recovery is based on a priori information. The
mapping relationship between the aliased frequencies and the actual
frequencies of the de-chirped signals is known. However, if both of
the two aliased signals are simultaneously recorded in a measurement,
an ambiguity may arise in the mapping relationship. For example, in
Fig. 4(a) the aliased frequencies corresponding to 2.6278 GHz is lower
than that corresponding to 3.1532 GHz. But, in Fig. 4(b), the aliased
frequencies corresponding to 2.6278 GHz are the higher ones. In this
case, four sets of distances have to be calculated according to (4).
The recovery process is shown in Fig. 5(b), in which the ambiguity
is solved and the measurement results are the same as the recovered
distance based on the priori information.

In addition, the measurement errors of the proposed method are
analyzed and shown in Fig. 6. As a comparison, the optical length
of the measuring path is changed by inserting 0.51-m fiber patches.
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Fig. 6. Measurement errors of proposed FMCW ranging system. The
ratio between the chirp rates is 1.1.

The de-chirped signal in 2 ms is recorded for spectrum analysis. The
distance offset in Fig. 6 is 157.6643 m. The deviation of the distance
recovered is shown as the green dotted line at the bottom of Fig. 6.
As a comparison, the actual distance is measured using the homemade
time delay measurement system [23], of which the accuracy is ±0.05
ps (±15 μm in optical length). The measurement error between the
recovered distance and the actual distance is shown as the purple dotted
line in the middle of Fig. 6. The measurement error is less than 6.1 cm,
which is slightly larger than the theoretical resolution of the FMCW
laser range.

Compared to traditional Vernier sampling, our method requires only
a single-shot sampling, which reduces the number of hardware. The
data processing of our proposed method only includes DFT and simple
algorithms. Therefore, this work can reduce the sampling rates and data
processing time without changing the system structure. Moreover, only
the waveforms are changed in our method, which is easier to realize.
The sub-Nyquist sampling ratio can be easily reconfigured by simply
changing the waveforms. In addition, although it is hard to measure
the velocity with this system, an FMCW laser raging based on the
optical carrier-suppressed dual-sideband (OC-DSB) modulation can
adopt to measure the optical Doppler frequency [24]. The proposed
sub-Nyquist sampling method can be used in the FMCW laser ranging
system based on OC-DSB modulation so that both the distance and
velocity can be simultaneously measured.

IV. CONCLUSION

We demonstrate an FMCW laser range with sub-Nyquist sampling
rates. Using a modified Vernier sampling, the distance can be recovered
from the two de-chirped frequencies in the asymmetric chirped wave-
forms with a single-shot sampling. By adjusting the ratio between the
two chirp rates, the sub-Nyquist sampling ratio can be easily reconfig-
ured. The length of fiber is measured using the proposed method with
an accuracy of 6.1 cm, in which the sub-Nyquist sampling ratio can be
adjusted from 1/5 to 1/10. The proposed method reduces the sampling
rate and data volume of the FMCW laser ranging system, while no
complex algorithm and additional sampling devices are required.
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