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A B S T R A C T

In this paper, a theoretical analysis of a flat-top microring resonator (FTMRR) is undertaken. The intensity
and group delay responses of the FTMRR are derived from a transfer matrix formalism, which shows that
flat-top resonance is possible in this single-ring cavity by stimulating and manipulating slow light in the
counterclockwise (CCW) mode and fast light in the clockwise (CW) mode. The analytical solutions required
for achieving the flat-top responses are obtained by assuming that the slope around the resonant wavelength
equals zero. In addition, an improvement in the bandwidth of the FTMRR (in comparison with the MRR), the
tunable and reconfigurable optical responses for filtering/switching, and the small variation in intensity during
the tuning of the flat-top group delay observed in the previous experiments are all proved through theoretical
analysis.

1. Introduction

Optical microring resonators (MRRs) have been regarded as the
basic building blocks in photonic integrated circuits (PICs) [1], which
can realize optical filters [2], time delay lines [3], wavelength division
multiplexers [4], optical sensors [5], modulators [6], lasers [7], optical
switches [8], optical diodes [9], and photonic interconnects [10] with
very small footprints. In general, the intensity and the group delay
responses of an MRR around the resonant wavelengths are Lorentzian-
shaped, resulting in a small bandwidth [11], which is not suitable
for broadband microwave photonics applications. Although cascading
several MRRs can synthesize a large bandwidth [12,13], the devices
are not easy to create and the insertion loss is a huge challenge for
microwave photonics applications, which may cause undesired effects
when the group delay needs to be tuned [14]. In addition, sophisticated
adjustments are required to ensure that all the MRRs are precisely
aligned to the designated parameters. In [15,16], it has been observed
that backscattering in a silicon MRR may cause mode splitting due
to the combined effects of the counterclockwise (CCW) and clockwise
(CW) propagating light in the cavity. However, this backscattering is
normally random and uncontrollable, which is usually treated as a
problem. Recently, we have experimentally demonstrated a new optical
microring resonator that stimulates flat-top resonance by manipulating
the fast and slow light effects in the ring cavity [17], and the mea-
sured results obtained from an optical vector analyzer [18,19] match
numerical simulations well. In the flat-top optical microring resonator
(FTMRR), a reflector is incorporated in the drop port of a conventional
add-drop MRR to form both the CCW mode (slow light) and the CW
mode (fast light), as shown in Fig. 1(a). The strengths of the slow and
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fast light are controlled by the coupling coefficients of the upper and
lower couplers of the FTMRR. The FTMRR has three operating states
in terms of both the intensity and group delay responses: Lorentzian,
mode splitting, and flat-top, all of which indicate that it can be used
in many microwave photonics applications that are either difficult or
impossible for a conventional single MRR such as a tunable wideband
optical true time delay line, a shape-reconfigurable optical filter, a
high-extinction-ratio optical switch, and so on.

In this paper, we perform a comprehensive study of the FTMRR. The
intensity and group delay responses of the FTMRR are derived based
on the transfer matrix formalism [1]. Then, the analytical solutions
for achieving the flat-top responses are obtained by assuming that the
slope of the intensity or the group delay response around the resonant
wavelength equals zero. By bringing the analytical solutions into the
intensity and group delay responses, the experimental observation of
the flat-top intensity and group delay responses are explained, which
intuitively illustrate the enhanced performance of the FTMRR through
comparisons with the conventional MRR since they act as basic building
blocks in a single cavity.

2. Theoretical analysis

Fig. 1(a) shows the configuration of the proposed FTMRR, which
consists of a single MRR and a reflector (loop mirror) incorporated into
the drop port of the MRR. The incident light from Port 1 is coupled
with the ring cavity and then propagates along the CCW direction (CCW
mode). Then, the output light is reflected back to the ring cavity by the
reflector and propagates along the CW direction (CW mode).
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Fig. 1. The FTMRR and the responses for the three states. (a) A schematic diagram of the FTMRR, and the intensity/group delay responses for the (b) Lorentzian, (c) mode
splitting, and (d) flat-top states.

For the CCW mode, the ratio of the electrical field at the through
port (Port 2) E2 and the incident field E1 can be expressed as [1]

𝐸2
𝐸1

=
𝑡1 − 𝑎𝑡2𝑒𝑖𝜙

1 − 𝑎𝑡1𝑡2𝑒𝑖𝜙
(1)

where 𝜙 = 𝛽L is the single-pass phase shift, L = 2𝜋r, r is the radius of
the microring, 𝛽 is the propagation constant of the circulating mode, a
is the single-pass amplitude transmission coefficient, 𝑡1, 𝑡2 are the self-
coupling coefficients, and 𝑘1, 𝑘2 are the cross-coupling coefficients. If
there are no losses in the coupling sections, we obtain

𝑡2𝑛 + 𝑘2𝑛 = 1 (𝑛 = 1, 2) (2)

Then, the group delay for the light at Port 2 can be written as

𝜏2 =

(

𝑎2𝑡22 − 𝑎𝑡1𝑡2 cos𝜙

𝑎2𝑡22 + 𝑡21 − 2𝑎𝑡1𝑡2 cos𝜙
+

𝑎𝑡1𝑡2 cos𝜙 − 𝑎2𝑡21𝑡
2
2

1 + 𝑎2𝑡21𝑡
2
2 − 2𝑎𝑡1𝑡2 cos𝜙

)

𝑛𝑔𝐿
𝑐

(3)

where 𝑛g is the group index, and c is the speed of light in a vacuum.
The ratio of 𝐸3 at Port 3 and 𝐸1 can be expressed as

𝐸3
𝐸1

=
−
√

𝑎𝑘1𝑘2𝑒
𝑖𝜙
2

1 − 𝑎𝑡1𝑡2𝑒𝑖𝜙
(4)

and the group delay for the light at Port 3 is given by

𝜏3 =

(

1
2
+

𝑎𝑡1𝑡2 cos𝜙 − 𝑎2𝑡21𝑡
2
2

1 + 𝑎2𝑡21𝑡
2
2 − 2𝑎𝑡1𝑡2 cos𝜙

)

𝑛g𝐿
𝑐

(5)

Around the resonant wavelength, i.e. cos𝜙≈1, (5) can be rewritten
as

𝜏3 =
1 + 𝑎𝑡1𝑡2

2
(

1 − 𝑎𝑡1𝑡2
)

𝑛g𝐿
𝑐

(6)

It can be seen that (6) is always positive, so the slow-light effect
occurs when the light travels from Port 1 to Port 3.

For the CW mode, similar to (1), the ratio of the electrical field at
Port 4 𝐸4 and the incident field 𝐸3 can be expressed as

𝐸4
𝐸3

=
𝜂
(

𝑡2 − 𝑎𝑡1𝑒𝑖𝜙
)

1 − 𝑎𝑡1𝑡2𝑒𝑖𝜙
(7)

where 𝜂 represents the reflectivity of the loop mirror. The group delay
for the light from Port 3 to Port 4 is given by

𝜏4 =

(

𝑎2𝑡21 − 𝑎𝑡1𝑡2 cos𝜙

𝑎2𝑡21 + 𝑡22 − 2𝑎𝑡1𝑡2 cos𝜙
+

𝑎𝑡1𝑡2 cos𝜙 − 𝑎2𝑡21𝑡
2
2

1 + 𝑎2𝑡21𝑡
2
2 − 2𝑎𝑡1𝑡2 cos𝜙

)

𝑛g𝐿
𝑐

(8)

Around the resonant wavelength, i.e. cos𝜙≈1, (8) can be simpli-
fied as

𝜏4 =
𝑎𝑡1

(

1 − 𝑡22
)

(

𝑎𝑡1 − 𝑡2
) (

1 − 𝑎𝑡1𝑡2
)

𝑛𝑔𝐿
𝑐

(9)

From (9), if 𝑡2≤𝑎𝑡1 (the over coupling and critical coupling states), 𝜏4
is positive, so the slow-light effect occurs. On the other hand, if 𝑡2>𝑎𝑡1
(the under coupling state), the fast-light effect will be stimulated. In this
paper, we only take the fast light condition 𝑡2>𝑎𝑡1 into consideration.

From (4) and (7), we can easily get the ratio of 𝐸4 and 𝐸1,

𝐸4
𝐸1

=
−𝜂

√

𝑎𝑘1𝑘2𝑒
𝑖𝜙
2 (𝑡2 − 𝑎𝑡1𝑒𝑖𝜙)

(1 − 𝑎𝑡1𝑡2𝑒𝑖𝜙)2
(10)

The intensity response T can therefore be expressed as

𝑇 =
|

|

|

|

𝐸4
𝐸1

|

|

|

|

2
=

𝜂2𝑎(1 − 𝑡21)(1 − 𝑡22)
(

𝑎2𝑡21 + 𝑡22 − 2𝑎𝑡1𝑡2 cos𝜙
)

[

1 +
(

𝑎𝑡1𝑡2
)2 − 2𝑎𝑡1𝑡2 cos𝜙

]2
(11)
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Fig. 2. Investigation of the intensity response of the FTMRR. (a) The intensity response when 𝑡1 is fixed at 0.8 and 𝑡2 is set to be three typical values (0.975, 0.9626, and 0.925).
(b) The relationship of 𝑡1 and 𝑡2 for Lorentzian, flat-top, and mode splitting intensity responses. (c) The flat-top intensity responses when 𝑡1 and 𝑡2 are adjusted. (d) The 1-dB
bandwidth of intensity response for the MRR and FTMRR as a function of 𝑡1.

In addition, the total group delay for the light traveling from Port
1 to Port 4 is a sum of (5) and (8), i.e.

𝜏total =

(

1
2
+

𝑎2𝑡21 − 𝑎𝑡1𝑡2 cos𝜙

𝑎2𝑡21 + 𝑡22 − 2𝑎𝑡1𝑡2 cos𝜙
+

2(𝑎𝑡1𝑡2 cos𝜙 − 𝑎2𝑡21𝑡
2
2)

1 + 𝑎2𝑡21𝑡
2
2 − 2𝑎𝑡1𝑡2 cos𝜙

)

𝑛g𝐿
𝑐

(12)

From (11) and (12) we can see that changing the reflectivity of the
reflector only adds an additional loss to the FTMRR, while the intensity
response and the group delay response remain the same shape.

Around the resonant wavelength, i.e. cos𝜙≈1, (11) and (12) can be
simplified to

𝑇 =
𝜂2𝑎(1 − 𝑡21)(1 − 𝑡22)

(

𝑎𝑡1 − 𝑡2
)2

(

1 − 𝑎𝑡1𝑡2
)4

(13)

𝜏 =
(

1
2
+

𝑎𝑡1
𝑎𝑡1 − 𝑡2

+
2𝑎𝑡1𝑡2

1 − 𝑎𝑡1𝑡2

) 𝑛g𝐿
𝑐

(14)

There are two extreme cases. One case is that the fast light effect
is small enough to be ignored, so the total response has a Lorentzian
shape, corresponding to the case illustrated in Fig. 1(b). In this case,
the FTMRR functions as a conventional MRR. The other case is that the
fast light effect plays a dominant role, so there is mode splitting in the
total response, as shown in Fig. 1(c). Through the proper manipulation
of the fast and slow light effects, a flat-top response can be obtained,
as shown in Fig. 1(d).

To achieve the flat-top intensity response, the slope of (11) around
the resonant wavelength should equal zero. The first derivative of the
intensity response can be expressed as
𝑑𝑇

𝑑 cos𝜙

=
−2𝑎2𝑡1𝑡2

(

1 − 𝑡21
) (

1 − 𝑡22
)

[

1 +
(

𝑎𝑡1𝑡2
)2 − 2𝑎2𝑡21 − 2𝑡22 + 2𝑎𝑡1𝑡2 cos𝜙

]

[

1 +
(

𝑎𝑡1𝑡2
)2 − 2𝑎𝑡1𝑡2 cos𝜙

]3

(15)

Table 1
All states of the FTMRR.
𝑡1 and 𝑡2 relationship Intensity response Group delay response

𝑡2 >
1+ 2√2𝑎𝑡1
2√2+𝑎𝑡1

Lorentzian Lorentzian

𝑡2 =
1+ 3√2𝑎𝑡1
3√2+𝑎𝑡1

Lorentzian Flat-top
1+

√

2𝑎𝑡1
√

2+𝑎𝑡1
< 𝑡2 <

1+ 3√2𝑎𝑡1
3√2+𝑎𝑡1

Lorentzian Mode splitting

𝑡2 =
1+

√

2𝑎𝑡1
√

2+𝑎𝑡1
Flat-top Mode splitting

𝑎𝑡1 < 𝑡2 <
1+

√

2𝑎𝑡1
√

2+𝑎𝑡1
Mode splitting Mode splitting

𝑡2 ≤ 𝑎𝑡1 Mode splitting Lorentzian

Let dT/dcos𝜙 = 0 (around the resonant wavelength cos𝜙≈1) and we
get the analytical solution for the flat-top intensity response

𝑡2 = (1 +
√

2𝑎𝑡1)∕(
√

2 + 𝑎𝑡1) (16)

Similarly, the first derivative of the group delay can be expressed as
𝑑𝜏

𝑑 cos𝜙

=

(

𝑎3𝑡31𝑡2 − 𝑎𝑡1𝑡23

(𝑎2𝑡21 + 𝑡22 − 2𝑎𝑡1𝑡2 cos𝜙)2
+

2(𝑎𝑡1𝑡2 − 𝑎3𝑡31𝑡
3
2)

(1 + 𝑎2𝑡21𝑡
2
2 − 2𝑎𝑡1𝑡2 cos𝜙)2

)

𝑛g𝐿
𝑐

(17)

The flat-top group delay can be achieved when d𝜏/dcos𝜙 = 0
(around the resonant wavelength cos𝜙≈1), leading to

𝑎𝑡1 + 𝑡2
1 + 𝑎𝑡1𝑡2

=
−2(𝑎𝑡1 − 𝑡2)3

(1 − 𝑎𝑡1𝑡2)3
(18)

To achieve weak, fast light in the CW, 𝑡2 should be close to 1, so we
get
𝑎𝑡1 + 𝑡2
1 + 𝑎𝑡1𝑡2

≈ 1 (19)

Bringing (19) into (18), we can achieve the analytical solution for
the flat-top group delay response

𝑡2 = (1 + 3
√

2𝑎𝑡1)∕(
3
√

2 + 𝑎𝑡1) (20)
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Fig. 3. Investigation of the group delay response for the FTMRR. (a) The group delay response of the FTMRR with 𝑡1 fixed at 0.8 and 𝑡2 changed from 0.99 (Lorentzian), 0.9847
(flat-top), to 0.95 (mode splitting). (b) The relationship of 𝑡1 and 𝑡2 for Lorentzian, flat-top, and mode splitting group delay responses. (c) The flat-top group delay responses when
𝑡1 and 𝑡2 are adjusted. (d) The 1-ps bandwidth of the group delay for both FTMRR and MRR as a function of 𝑡1.

Fig. 4. The flat-top conditions with different losses. (a) The flat-top intensity response conditions with different a. (b) The flat-top group delay response conditions with different
a.

Table 1 shows all the operational states of the FTMRR and the
corresponding intensity and group delay responses. The results indicate
that it is not possible to realize the flat-top intensity and group delay re-
sponse at the same time. Furthermore, the flat-top group delay response
always has a Lorentzian intensity response, which is a passband with a
lower insertion loss compared to the MRR time delay line operating in
the all-pass mode [2].

3. Simulation and results

In this section, the performance of the FTMRR is simulated using
parameters of 𝑟 = 100 μm, 𝑛g = 3.24, and a resonant wavelength
𝜆 = 1549.17857 nm. The waveguide is assumed to be lossless; i.e. 𝑎 = 1.

Fig. 2(a) shows the simulated intensity response when 𝑡1 is fixed at
0.8 and 𝑡2 is set to be three typical values for different operating states
of the FTMRR. According to (7), the notch response from Port 3 to Port
4 becomes deeper if 𝑡2 is approaching 𝑎𝑡1, so the response from Port 1
to Port 4 changes from Lorentzian (𝑡2 = 0.975) to flat-top (𝑡2 = 0.9626)
to mode splitting state (𝑡2 = 0.925) successively. The notch of the mode
splitting state could be very deep as 𝑡2 is near 𝑎𝑡1, so the intensity
response can be changed easily from bandpass to notch, as seen in

Fig. 2(b) in [17], indicating that the FTMRR can be used as a shape-
reconfigurable optical filter or a high-extinction-ratio optical switch.
Fig. 2(b) shows that there is a one-to-one correspondence between 𝑡1
and 𝑡2 in achieving the flat-top intensity response. The Lorentzian and
mode splitting conditions are also depicted. Fig. 2(c) shows the inten-
sity response for different 𝑡1 and 𝑡2 satisfying the flat-top conditions,
while the bandwidth is increased with a decrease in 𝑡1, which agrees
well with the experiment’s results in [17]. The comparison of the 1-
dB bandwidth between FTMRR and MRR is shown in Fig. 2(d). With
𝑡1 tuned from 0.7 to 0.9, the 1-dB bandwidth for the FTMRR can be
tuned from 3.94 to 13.43 GHz, while the MRR can be tuned from 2.8–
9.57 GHz. It should be mentioned that in order to realize a wide range
and accurate tuning of the coupling coefficients, an MZI structure is
preferred, as in [17].

Fig. 3(a) shows the simulated group delay response when 𝑡1 is fixed
at 0.8 and 𝑡2 is set to be three typical values. With a decreasing 𝑡2, the
fast-light effect gradually increases. Calculated from (20), there is also
a one-to-one correspondence between 𝑡1 and 𝑡2 in order to obtain the
flat-top group-delay response. Fig. 3(b) reveals this relationship, which
also illustrates the Lorentzian and mode splitting conditions. Fig. 3(c)
shows that the flat-top group delay can be tuned by adjusting 𝑡1 and
𝑡2. The group delay increases continuously with an increase in 𝑡1 while
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Fig. 5. Comparison of the numerical and FDTD simulation results. (a) Numerical and FDTD simulation results for the flat-top intensity response. (b) Numerical and FDTD simulation
results for the flat-top group delay responses.

Fig. 6. The comparison between the two flat-top group delay criteria. (a) The second and the first derivative. (b) An example of the group response with the two criteria.

Fig. 7. Investigation of the intensity response variation during the flat-top group delay tuning. (a) The intensity response variation as a function of a when 𝑡1 has a tuning range
between 0.7 and 0.9. (b) The intensity response for the case 𝑎 = 0.9756.

the bandwidth decreases. These results agree very well with Fig. 3(a)
in [17]. Fig. 3(d) shows the 1-ps group delay bandwidth for the FTMRR
with 𝑡1 tuned from 0.7 to 0.9. The value for the FTMRR can be tuned
from 2.09 to 10.28 GHz, while the MRR can only be from 0.73 to
4.65 GHz.

The waveguide is assumed to be lossless in order to simplify the
simulation. However, there is loss in the ring resonator in practice.
Fig. 4(a) and (b) show the flat-top intensity and group delay condi-
tions with different a according to (16) and (20), from which we can
ascertain that the flat-top states can still be reached with a loss in the
ring. Meanwhile, 𝑡2 correlates positively with a if 𝑡1 is kept unchanged.

The Finite-Difference Time-Domain (FDTD) method is also investi-
gated in order to verify the flat-top states, and the simulation param-
eters are: 𝑟 = 23 𝜇m, 𝑛g = 3.24, 𝑎 = 0.5 dB/cm. Fig. 5(a) and (b) are
comparisons between the FDTD and the numerical simulation results
with the same parameters for both flat-top intensity and group delay
responses, showing that the numerical simulation results match the
FDTD simulation results well.

It should be mentioned that in [17], we used the second derivative
of the group-delay response to obtain the flat-top condition and found

that there is a slight deviation from the ideal values of 𝑡1 and 𝑡2. In
this work, a corrected criterion for the flat-top group delay is provided
based on the first derivative. A comparison between the two flat-
top group delay criteria is given in Fig. 6(a), which shows that the
flat-top condition obtained by the second derivative is different from
those obtained by the first derivative. Fig. 6(b) shows the group delay
responses under the two conditions. It can be seen that the flat-top
condition obtained by the first derivative is more accurate.

From (13) we can see that for a given 𝑡1 and 𝑡2, the insertion loss is a
function of a at the resonant wavelength. Within a certain tuning range
of 𝑡1 and 𝑡2 (here we set 𝑡1 to change from 0.7 to 0.9, and 𝑡2 to satisfy the
flat-top group delay condition), the intensity loss variation is calculated
as a function of a. As shown in Fig. 7(a), during the flat-top group delay
tuning, the insertion loss variation decreases from 1.85 to 0 dB with a
changing from 0.9 to 1, which indicates that if the loss in the ring cavity
is very small, the insertion loss variations could even be ignored. For
a silicon nitride waveguide in [17], the loss for the waveguide is less
than 0.5 dB/cm and the ring cavity is 4293.9 m long, corresponding to
a ≥ 0.9756. As depicted in Fig. 7(a), the intensity loss variation is 0.62
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dB, which corresponds with the measured result in [17] (less than 0.8
dB). Fig. 7(b) shows the intensity response for the case of 𝑎 = 0.9756,
which gives the 0.62 dB intensity loss variation.

4. Conclusions

In conclusion, the analytical model of the FTMRR is built from
the transfer matrix formalism of a conventional MRR. The relationship
between 𝑡1 and 𝑡2 in order to achieve the flat-top intensity and the group
delay is obtained. Typical operational states of the FTMRR are simu-
lated. The advantages of the FTMRR observed in the experiment in [17]
are theoretically explained, including the bandwidth improvement of
the FTMRR in comparison with the MRR, tunable and reconfigurable
optical responses for filtering/switching, and the small intensity varia-
tion during the tuning of the flat-top group delay. This analysis could
be a guidance in optimizing the structure of the FTMRR for microwave
photonic applications.
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